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SOME GEOMETRICAL PROPERTIES OF THE OSCILLATOR GROUP
Y. KESHAVARZI
Abstract. We consider the oscillator group equipped with a biinvariant Lorentzian met-
ric, and then some geometrical properties of this group i.e. homogeneous Ricci solitons
and harmonicity properties of invariant vector fields are obtained. We also determine all
vector fields which are critical points for the energy functional restricted to vector fields.
Vector fields defining harmonic maps are also determined, and the energy of critical
points is explicitly calculated.
1. Introduction
The oscillator group is defined as the semidirect product of the line (time) with the
Heisenberg group, with the action given by the dynamics. Thus, it is not realised as a
matrix group. It is a solvable group, but not an exponential group. The oscillator groups,
called Warped Heisenberg Lie groups in [37], are not only important in Lorentzian ge-
ometry but also have interesting applications in Conformal Field Theory, in WZWmodels
(see [28]) and Supergravity. This group has many properties useful both in geometry
and physics. To mention but two geometrical applications, Medina [27] proved that Os is
the only four-dimensional non-Abelian simply connected solvable Lie group, which admits
a bi-invariant Lorentzian metric; and Console, Ovando, and Subils [12] obtain solvable
models for Kodaira surfaces by using suitable lattices on the oscillator group. Moreover,
it is [25] an example of homogeneous spacetime, which as causal space satisfies the so-
called causal continuity. Levichev studied in [26] the oscillator group with the biinvariant
Lorentzian metric, which geometrically is a Lorentzian symmetric space and phisically is
related to an isotropic electromagnetic field.
The oscillator group has interesting features from the viewpoints of both Differential Ge-
ometry and Physics (see, for example, [11], [15] and the references therein). On the other
hand, In paper [30], Onda has constructed Lorentzian algebraic Ricci solitons on the os-
cillator groups Gm(λ). In particular, he obtained new Lorentzian Ricci solitons Gm(λ)
which in compare with our result is wrong.
A natural generalization of an Einstein manifold is Ricci soliton, i.e. a pseudo Riemannian
metric g on a smooth manifold M , such that the equation
LXg = ςg − ̺,(1.1)
holds for some ς ∈ R and some smooth vector field X on M , where ̺ denotes the Ricci
tensor of (M,g) and LX is the usual Lie derivative. According to whether ς > 0, ς = 0 or
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ς < 0 a Ricci soliton g is said to be shrinking, steady or expanding, respectively. A homoge-
neous Ricci soliton on a homogeneous space M = G/H is a G-invariant metric g for which
the equation (1.1) holds and an invariant Ricci soliton is a homogeneous apace, such that
equation (1.1) is satisfied by an invariant vector field. Indeed, the study of Ricci solitons
homogeneous spaces is an interesting area of research in pseudo-Riemannian geometry. For
example, evolution of homogeneous Ricci solitons under the bracket flow [22], algebraic
solitons and the Alekseevskii Conjecture properties[23], conformally flat Lorentzian gradi-
ent Ricci solitons[6], properties of algebraic Ricci Solitons of three-dimensional Lorentzian
Lie groups[3], algebraic Ricci solitons [2]. Non-Ka¨hler examples of Ricci solitons are very
hard to find yet (see [13]). In case (G, g) be a simply-connected completely solvable Lie
group equipped with a left-invariant metric, and (g, 〈, 〉) be the corresponding metric Lie
algebra, then (G, g) is a Ricci soliton if and only if (g, 〈, 〉) is an algebraic Ricci soliton
[24].
Up to our knowledge, no geometrical properties such as harmonicity properties of invariant
vector fields have been obtained yet for the oscillator group. Investigating critical points
of the energy associated to vector fields is an interesting purpose under different points of
view. As an example by the Reeb vector field ξ of a contact metric manifold, somebody
can see how the criticality of such a vector field is related to the geometry of the manifold
([31],[32]). Recently, it has been [18] proved that critical points of E : X(M)→ R, that is,
the energy functional restricted to vector fields, are again parallel vector fields. Moreover,
in the same paper it also has been determined the tension field associated to a unit vector
field V , and investigated the problem of determining when V defines a harmonic map.
A Riemannian manifold admitting a parallel vector field is locally reducible, and the same
is true for a pseudo-Riemannian manifold admitting an either space-like or time-like par-
allel vector field. This leads us to consider different situations, where some interesting
types of non-parallel vector fields can be characterized in terms of harmonicity properties.
We may refer to the recent monograph [16] and some references [20], [29] for an overview
on harmonic vector fields.
As for the contents, in Section 2,we give some preliminaries. In Section 3, we investigate
rquired conditions for oscillator group Ricci solitons. Harmonicity properties of vector
fields on oscillator group will be determined in Sections 4. Finally, the energy of all these
vector fields is explicitly calculated in Section 5.
2. preliminaries
Let M = G/H be a homogeneous manifold (with H connected), g the Lie algebra of
G and h the isotropy subalgebra. Consider m = g/h the factor space, which identies
with a subspace of g complementary to h. The pair (g, h) uniquely defines the isotropy
representation
ψ : g −→ gl(m), ψ(x)(y) = [x, y]m
for all x ∈ g, y ∈ m. Suppose that {e1, ..., er, u1, ..., un} be a basis of g, where {ej} and
{ui} are bases of h and m respectively, then with respect to {ui}, Hj whould be the
isotropy representation for ej . g on m uniquely defines its invariant linear Levi-Civita
connection, as the corresponding homomorphism of h-modules Λ : g −→ gl(m) such that
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Λ(x)(ym) = [x, y]m for all x ∈ h, y ∈ g. In other word
Λ(x)(ym) =
1
2 [x, y]m + v(x, y)(2.2)
for all x, y ∈ g, where v : g × g → m is the h-invariant symmetric mapping uniquely
determined by
2g(v(x, y), zm) = g(xm, [z, y]m) + g(ym, [z, x]m)
for all x, y, z ∈ g, Then the curvature tensor can be determined by
R : m×m −→ gl(m), R(x, y) = [Λ(x),Λ(y)] − Λ([x, y]),(2.3)
and with respect to ui, the Ricci tensor ρ of g is given by
ρ(ui, uj) =
4∑
k=1
g(R(uk, ui)uj , uk), i, j = 1, . . . , 4.(2.4)
Let (M,g) be a compact Riemannian manifold and gs be the Sasaki metric on the tangent
bundle TM , then the energy of a smooth vector field V : (M,g) −→ (TM, gs) on M is;
(2.5) E(V ) =
n
2
vol(M,g) +
1
2
∫
M
||∇V ||2dv
(assuming M compact; in the non-compact case, one works over relatively compact do-
mains see [8]). If V : (M,g) −→ (TM, gs) be a critical point for the energy functional, then
V is said to define a harmonic map. The Euler-Lagrange equations characterize vector
fields V defining harmonic maps as the ones whose tension field θ(V ) = tr(∇2V ) vanishes.
Consequently, V defines a harmonic map from (M,g) to (TM, gs) if and only if
(2.6) tr[R(∇.V, V ).] = 0, ∇
∗∇V = 0,
where with respect to an orthonormal local frame {e1, ..., en} on (M,g), with εi =
g(ei, ei) = ±1 for all indices i, one has
∇∗∇V =
∑
i εi(∇ei∇eiV −∇∇eieiV ).
A smooth vector field V is said to be a harmonic section if and only if it is a critical
point of Ev(V ) = (1/2)
∫
M
||∇V ||2dv where Ev is the vertical energy. The corresponding
Euler-Lagrange equations are given by
(2.7) ∇∗∇V = 0,
Let Xρ(M) = {V ∈ X(M) : ||V ||2 = ρ2} and ρ 6= 0. Then, one can consider vector
fields V ∈ X(M) which are critical points for the energy functional E|Xρ(M), restricted to
vector fields of the same constant length. The Euler-Lagrange equations of this variational
condition are given by
(2.8) ∇∗∇V is collinear to V.
As usual, condition (2.8) is taken as a definition of critical points for the energy functional
restricted to vector fields of the same length in the non-compact case.
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3. Homogeneous Ricci solitons on oscillator group
We consider the basis {P,X1, Y1, Q} of the Lie algebra g with brackets
(3.9) [X1, Y1] = P, [Q,X1] = Y1, [Q,Y1] = −X1.
The corresponding simply connected Lie group G is called the oscillator group. Con-
sider the biinvariant Lorentzian metric g on the oscillator group G given in the basis
{P,X1, Y1, Q}, by
(3.10) g =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 .
The components of the Levi-Civita connection are calculated using the well known Koszul
formula and are
(3.11)
Λ1 = 0, Λ2 =


0 0 12 0
0 0 0 0
0 0 0 −12
0 0 0 0

 ,
Λ3 =


0 0 −12 0
0 0 0 0
0 0 0 12
0 0 0 0

 , Λ4 =


0 0 0 0
0 0 −12 0
0 12 0 0
0 0 0 0

 .
Using (2.3) we can determine the non-zero curvature components;
R(X1, Q)X1 =
1
4P, R(Y1, Q)Y1 =
1
4P,
R(Q,X1)Q =
1
4X1, R(Q,Y1)Q =
1
4Y1.
Since R(X,Y,Z,W ) = g(R(X,Y )Z,W ) we have;
(3.12) R(X1, Q,X1, Q) = R(Q,Y1, Q, Y1) =
1
4 .
Applying the Ricci tensor formula (2.4), we get;
(3.13) (ρij) =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 12

 .
which is diagonal with eigenvalue r1 =
1
2 . For an arbitrary left-invariant vector field
X = aP + bX1 + cY1 + dQ ∈ g we have;
∇PX = 0, ∇X1X =
1
2cP −
1
2dY1,
∇Y1X = −
1
2bP +
1
2dX1, ∇QX = −
1
2cX1 +
1
2bY1.
Although once the metric is fixed and bi-invariant, for an arbitrary left-invariant vector
field LXg = 0, using the relation (LXg)(Y,Z) = g(∇YX,Z) + g(Y,∇ZX) one concludes
that;
(3.14) LXg = 0
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So by the Ricci soliton formula (1.1), we get a system of differential equations including
1
2 = 0 which means that the system of differential equations is incompatible. Thus, we
have the following.
Theorem 3.1. Let G be the oscillator group equipped with biinvariant Lorentzian metric
g described in (3.10), then G can not be a Ricci soliton manifold.
As we already mentioned by theorem 2.5 in [30] this result contradicts theorem 4.1
in [30]. An algebraic Ricci soliton in this sense is a pseudo-Riemannian (M,g) metric
satisfying
(3.15) Rc = cId+D
where Rc denotes the Ricci operator, c is a real number, and D ∈ Der(g). Under the
hypothesis of theorem 4.1 in [30], set m = λ1 = 1 and ǫ = 0. So, we have lie algebra g
and lorentzian metric g described in (3.9) and (3.10) repectively. By formula 3.3 in [30],
the derivation D must be as following
D =


D11 D
1
2 D
1
3 D
1
4
D21 D
2
2 D
2
3 D
2
4
D31 D
3
2 D
3
3 D
3
4
D41 D
4
2 D
4
3 D
4
4

 ,
where by Eq(4.5) in [30], D41 = µ =
1
2 and hence DQ = µP =
1
2P . It means that
(3.16) D =


0 0 0 0
0 0 0 0
0 0 0 0
1
2 0 0 0

 .
Also using Eq(4.5) in [30], the Ricci operator Rc is given by
(3.17) Rc =


0 0 0 12
0 0 0 0
0 0 0 0
0 0 0 0

 .
Therefore, from (3.16) and (3.17) we can see Rc 6= D and by (3.15) for c = 0, theorem 4.1
in [30] can not be true. By (3.13), ρij 6= λgij for all indices i, j, so, we proved the following
result too.
Proposition 3.2. Let G be the oscillator group equipped with biinvariant Lorentzian met-
ric g described in (3.10), then G can not be an Einstein manifold.
We denote the Ricci operator and the scalar curvature by Rc and τ respectively. Let
Mnq be a pseudo-Riemannian manifold of index q. The Weyl conformal curvature tensor
field C of type (1, 3) of M is defined by
(3.18) C(X,Y )Z = R(X,Y )Z − ( 1n−2(QX ∧ Y +X ∧QY )Z +
τ
(n−1)(n−2) (X ∧ Y )Z,
where (X ∧ Y )Z =< Y,Z > X− < X,Z > Y . It is well-known [4] that for a confor-
mally flat space the curvature tensor can be completely determined using the Ricci tensor.
Moreover, if n > 4, then Mnq is conformally flat if and only if C = 0.
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Proposition 3.3. The oscillator group equipped with biinvariant Lorentzian metric g
described in (3.10) is conformally flat.
Proof. Since the scalar curvature is τ =
∑
i(ρi, ρi) (see [5]. p. 43), by (3.13), τ =
1
2 . Using
(3.18) and (3.17) a straightforward calculation then yields that C = 0, as desired. 
A D’ Atri space is defined as a Riemannian manifold (M,g) whose local geodesic sym-
metries are volumepreserving. Let us recall that the property of being a D’ Atri space is
equivalent to the infinite number of curvature identities called the odd Ledger conditions
L2k+1, k ≥ 1 (see [14], [34]). In particular, the two first non-trivial Ledger conditions are:
(3.19) L3 : (∇Xρ)(X,X) = 0, L5 :
n∑
a,b=1
R(X,Ea,X,Eb)(∇XR)(X,Ea,X,Eb) = 0,
where X is any tangent vector at any point m ∈ M and {E1, ..., En} is any orthonormal
basis of TmM . Here R denotes the curvature tensor and ρ the Ricci tensor of (M,g),
respectively, and n = dimM .
Thus, it is natural to start with the investigation of the oscillator group satisfying the
simplest Ledger condition L3, which is the first approximation of the D’ Atri property.
This condition is called in [33] ”the class A condition”. Equivalently Ledger condition L3
holds if and only if the Ricci tensor is cyclic-parallel, i.e.
(∇Xρ)(Y,Z) + (∇Y ρ)(Z,X) + (∇Zρ)(X,Y ) = 0.
For more detail see [7].
Proposition 3.4. The oscillator group equipped with biinvariant Lorentzian metric de-
scribed in (3.10) is a D’ Atri space which its first approximation holds.
Proof. In Ledger condition L3,
∇iρjk = −
∑
t(εjBijtρtk + εkBiktρtj),
where Bijk components can be obtained by the relation ∇eiej =
∑
k εjBijkek with εi =
g(ei, ei) = ±1 for all indices i. But ∇1ρ11 = ∇2ρ22 = ∇3ρ33 = 0, hence the Ricci tensor is
cyclic-parallel and the first approximation of the D’ Atri property holds. 
A pseudo-Riemannian manifold which admits a parallel degenerate distribution is called
a Walker manifold. Walker spaces were introduced by Arthur Geoffrey Walker in 1949.
The existence of such structures causes many interesting properties for the manifold with
no Riemannian counterpart. Walker also determined a standard local coordinates for these
kind of manifolds [35, 36].
Proposition 3.5. Let G be the oscillator group equipped with a biinvariant Lorentzian
metric g described in (3.10), then (G, g) admits invariant parallel degenerate line field D
with the generator {P}.
Proof. Set X = aP + bX1 + cY1 + dQ ∈ g and suppose that D = span(X) is an invariant
null parallel line field. Then, the following equations must satisfy for some parameters
ω1, . . . , ω4
∇PX = ω1X, ∇X1X = ω2X, ∇Y1X = ω3X, ∇QX = ω4X.
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By straight forward calculations we conclude that the following equations must satisfy
ω1a = 0, ω1b = 0, ω1c = 0, ω1d = 0,
ω2b = 0, ω2d = 0, −ω2a+
1
2c = 0, −ω2c+
1
2d = 0,
ω3c = 0, ω3d = 0, −ω3a−
1
2b = 0, −ω3b+
1
2d = 0,
ω4a = 0, ω4d = 0, −ω4b−
1
2c = 0, −ω4c+
1
2b = 0.
X is null, hence X must satisfy g(X,X) = 2ad+b2+c2 = 0 described in (3.10). By solving
the above system of equations we obtain that X = aP . It means that b = c = d = 0. 
4. Harmonicity of vector fields on oscillator group
In this section we investigate the harmonicity of invariant vector fields on the oscillator
group equipped with biinvariant Lorentzian metric g described in (3.10).
We can construct an orthonormal frame field {e1, e2, e3, e4} with respect to g;
e1 = −P +X1, e2 = X1 +Q, e3 = Y1, e4 = −P +X1 +Q,
with e1, e2, e3 space-like and e4 time-like. We get;
[e1, e2] = −e3, [e1, e3] = e2 − e4, [e1, e4] = −e3,
[e2, e3] = −e1, [e3, e4] = e1.
(4.20)
Considering formula (2.2) the connection components are;
∇e1e2 = −
1
2e3, ∇e1e3 =
1
2e2 −
1
2e4, ∇e1e4 = −
1
2e3,
∇e2e1 = −
1
2e3, ∇e2e3 = −
1
2e1,
∇e3e1 = −
1
2e2 +
1
2e4, ∇e3e2 =
1
2e1, ∇e3e4 =
1
2e1,
∇e4e1 =
1
2e3, ∇e4e3 = −
1
2e1.
(4.21)
while ∇eiej = 0 in the remaining cases.
Set u = e2 − e4. Then, from (4.21) we get ∇eiu = 0 for all indices i. Therefore, u is
a parallel light-like vector field. The existence of a light-like parallel vector field is an
interesting phenomenon which has no Riemannian counterpart, and characterizes a class
of pseudo-Riemannian manifolds which illustrate many of differences between Riemannian
and pseudo-Riemannian settings (see for example [9],[10]).
For an arbitrary left-invariant vector field V = ae1 + be2 + ce3 + de4 ∈ g we can now use
(4.21) to calculate ∇eiV for all indices i. We get
∇e1V = −
1
2(b+ d)e3 +
1
2cu, ∇e2V = −
1
2ce1 +
1
2ae3,
∇e3V =
1
2(b+ d)e1 −
1
2au, ∇e4V = −
1
2ce1 +
1
2ae3.
(4.22)
where the special role of u = e2−e4 is clear. We can now calculate ∇ei∇eiV for all indices
i. We obtain
∇e1∇e1V = −
1
4(b+ d)u, ∇e2∇e2V = −
1
4(ae1 + ce3),
∇e3∇e3V = −
1
4(b+ d)u, ∇e4∇e4V = −
1
4(ae1 + ce3).
(4.23)
And for ∇∇eieiV for all indices i
∇∇e1e1V = ∇∇e2e2V = ∇∇e3e3V = ∇∇e4e4V = 0.(4.24)
Thus, we find
∇∗∇V =
∑
i εi(∇ei∇eiV −∇∇eieiV ) = −
1
2(b+ d)u.
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If b = −d then ∇∗∇V = 0. In the other direction, let V = ae1 + bu + ce3 ∈ g. A direct
calculation yields that ∇∗∇V = 0.
Now, using (2.3) and (4.24), we find
R(∇e1V, V )e1 = 0, R(∇e2V, V )e2 =
1
8
(b+ d)(ce1 − ae3),
R(∇e3V, V )e3 = 0, R(∇e4V, V )e4 =
1
8
(b+ d)(ce1 − ae3).
Therefore
tr[R(∇.V, V ).] =
∑
i εiR(∇eiV, V )ei = 0,
with εi = g(ei, ei) = ±1 for all indices i. Thus, we have the following.
Theorem 4.1. Let G be the oscillator group equipped with biinvariant Lorentzian metric
g described in (3.10) and V = ae1 + be2 + ce3 + de4 ∈ g be a left-invariant vector field on
G for some real constants a, b, c, d, then the following conditions are equivalent:
(1) V defines a harmonic map;
(2) V is harmonic;
(3) V is a critical point for the energy functional restricted to vector fields of the same
length;
(4) V = ae1 + bu+ ce3, that is, b = −d.
Therefore, left-invariant vector fields defining a harmonic map form a three-parameter
family. As ||ae1 + bu+ ce3||
2 = a2 + c2 such vector fields are either space-like or light-like.
A vector field V is geodesic if ∇V V = 0, and is Killing if LV g = 0, where L denotes the Lie
derivative. Parallel vector fields are both geodesic and Killing, and vector fields with these
special geometric features often have particular harmonicity properties [1, 17, 19, 21]. By
standard calculations we obtain the following result.
Proposition 4.2. Let G be the oscillator group equipped with biinvariant Lorentzian met-
ric g described in (3.10) and V ∈ g be a left-invariant vector field on G, then V is geodesic.
Moreover, using (3.14), we see that V is Killing too.
Also, with regard to harmonicity properties of invariant vector fields, the oscillator
groups display some particular features. The main geometrical reasons for the special
behaviour of these groups are the existence of a parallel light-like vector field.
Using Proposition 4.2 and Theorem 4.3 a straightforward calculation proves the following
classification result, which emphasizes once again the special role played by the parallel
vector field u.
Theorem 4.3. Let V = ae1 + be2 + ce3 + de4 ∈ g be a left-invariant vector field on the
oscillator group, then the following conditions are equivalent:
(1) V is geodesic;
(2) V is Killing;
(3) V is parallel if and only if a = c = b− d = 0, that is, V is collinear to u.
5. The energy of vector fields on oscillator group
We calculate explicitly the energy of a vector field V ∈ g of on the oscillator group.
This gives us the opportunity to determine some critical values of the energy functional
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on the oscillator group. We shall first discuss geometric properties of the map V defined
by a vector field V ∈ g.
Proposition 5.1. Let G be the oscillator group, V = ae1 + be2 + ce3 + de4 ∈ su(2) be a
left-invariant vector field on the oscillator group for some real constants a, b, c, d. Denote
by D a relatively compact domain of G and by ED(V ) the energy of V |D. The energy of
V is;
ED(V ) = (2 +
1
4 (b+ d)
2)vol(D).
Proof. Let G be the oscillator group. Consider a local orthonormal basis {e1, e2, e3, e4} of
vector fields. Then, locally,
||∇V ||2 =
∑n
i=1 εig(∇eiV,∇eiV ),
with εi = g(ei, ei) = ±1 for all indices i. Let V ∈ g be a left-invariant vector field on the
oscillator group, then (4.22) easily yields
||∇V ||2 = 12(b+ d)
2.
Therefore, ||∇V || = 0 if and only if b = −d. Thus, among vector fields of the same length,
the ones with b = −d will minimize the energy. 
We already know from Theorem 4.3 which vector fields in g on the oscillator group are
critical points for the energy functional. Taking into account Proposition (5.1), we then
have the following.
Theorem 5.2. Let G be the oscillator group, then 2vol(D) is the absolute minimum
value of the energy functional ED. Such a minimum is attained by all vector fields V =
ae2 + bu+ ce3 ∈ g.
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